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Abstract
We investigate the set of cycle lengths occurring in a hamiltonian graph with at least one
or two vertices of large degree. We prove that in every case this set contains all the integers
between 3 and some t, where t depends on the order of the graph and the degrees of vertices.
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1. Introduction
Throughout this paper, we consider only 9nite, undirected and simple graphs. For
a graph G we denote by V =V (G) its vertex set, by E=E(G) its set of edges. By
Cp we mean a p-cycle of G, i.e., a cycle of length p. The vertices of a graph G
of order n will be denoted by integers 0; 1; 2; : : : ; n− 1 and considered modulo n. We
write EG(k)=E(k) for the set of edges that are incident to a vertex k.
For a subgraph H of G and a vertex k of G; dH (k) denotes the number of all edges
(k; j) of E(k) with j∈V (H), i.e., if k ∈V (H) then dH (k) is the degree of k in the
subgraph of G induced by the set V (H).
Let G be a graph on n vertices and a; b; 36 a6 b6 n, two integers. G is said
to be [a; b]-pancyclic if for every p; a6p6 b, it contains a cycle of length p. A
[3; n]-pancyclic graph is called pancyclic. The unde9ned terminology and notation can
be found in Bondy and Murty’s book [3].
The study on pancyclic graphs was initiated by Bondy [1] in 1971 who formulated
[2] his famous “metaconjecture” as follows:
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Almost all nontrivial su9cient conditions for a graph to be hamiltonian also imply
that it is pancyclic except for maybe a simple family of exceptional graphs.
As an example, he proved the following extension of Ore’s condition for
hamiltonicity.
Theorem 1. Let G be a graph of order n. If d(x) + d(y)¿ n for each pair of non-
adjacent vertices x; y of G; then G is either pancyclic or isomorphic to the complete
bipartite graph Kn=2; n=2.
There are several other results that con9rm or refute this conjecture, see for instance
[9]. Mitchem and Schmeichel [6] observed that in order to attain pancyclicity, the
bounds appearing in the theorems on hamiltonicity might be lowered if we add the
assumption that the graph is hamiltonian. As an example of such a type of investigation
we give a result of Shi [8].
Theorem 2. If G is a hamiltonian graph of order n¿ 40; and if (x; y) ∈ E(G) implies
d(x) + d(y)¿ 4n=5; then G is either pancyclic or bipartite.
Over the years, the global conditions are replaced by the local ones that ensure the
existence of cycles belonging to a speci9c interval of integers. For example, Zhang [9]
proved the following theorem.
Theorem 3. Let G be a hamiltonian graph on n vertices. If there is a vertex x such
that d(x) + d(y)¿ n for each y not adjacent to x; then G is either pancyclic or is
Kn=2; n=2.
Another example of this kind of investigations is the following theorem of Schelten
and Schiermeyer [7] that improves a result of Faudree et al. [4].
Theorem 4. Let G be a hamiltonian graph of order n¿ 32 and x and y two non-
adjacent vertices of G with d(x) + d(y)¿ n+ z where z=0 when n is odd and z=1
when n is even. Then G contains all cycles of length p where 36p6 (n+ 13)=5.
In this paper, we study the set of cycle lengths that can occur in a hamiltonian
graph with one or two vertices of large degree. We consider the case when these
vertices are adjacent and the other one when they are not adjacent. Our main results
are Theorem 5 in Section 3, Theorems 6 and 7 in Section 5.
2. Preliminary results
We begin by recalling a result of Bondy [1].
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Proposition 1. Let G be a hamiltonian graph of order n and let (0; 1; 2; : : : ; n− 1; 0)
denote a hamiltonian cycle in G. If d(j)+d(j+1)¿n for some j; then G is pancyclic.
Proposition 2. Let X be a set of cardinality n; Y a subset of X with |Y |= k and
f : Y → X an injection. If A is a subset of X that satis?es A ⊂ X \f(A ∩ Y ); then
|A|6 n− k=2. Moreover; if additionally f(Y ) ∩ Y = ∅; then |A|6 n− k.
Proof. (1) Let MA be the complement of A in X . We have |A| + |Y ∩ MA|6 n. As
A ∩ f(Y ∩ A) is empty, and by the injectivity of f; |Y ∩ A|= |f(Y ∩ A)|, we get
|A|+ |Y ∩ A|6 n. So |A|6 n− k=2.
(2) Any two of the sets A; Y\A and f(A ∩ Y ) have no common vertex. So |A| +
|Y\A|+ |f(A ∩ Y )|6 |X |, and therefore |A|+ |Y |6 n.
Now, we do a simple observation.
Proposition 3. Let X; Y be two disjoint sets of the same order n and f : X → Y a
bijection. If A ⊂ X and B ⊂ Y\f(A); then |A|+ |B|6 n.
3. Hamiltonian graphs with one vertex of large degree
Theorem 5. Let G be a hamiltonian graph of order n. If (G)¿ 23 (n− 1); then G is
[3; (G) + 1]-pancyclic.
Proof. Let r :=n−(G). Hence 16 r ¡ (n+2)=3. Denote by C =(0; 1; 2; : : : ; n−1; 0)
a hamiltonian cycle in G and suppose that G contains no cycle of length p such that
36p6 n− r+1. We may assume without any loss of generality that d(0)=(G)=
n− r.
Set
X = {(0; i) | i=1; : : : ; n− 1};
Y = {(0; i) | i=1; 2; : : : ; n− p+ 1};
A=E(0);
f : Y → X; f : (0; i)→ (0; i + p− 2):
Clearly, f is an injection from Y into X . Observe, that if (0; i)∈A∩f(A∩Y ), then there
is a vertex j∈{1; : : : ; n−p+1} such that i= j+p− 2 and (0; i) and (0; j) belong to
E(G). Therefore, the length of the cycle (0; j; j+1; : : : ; i−1; i; 0) is p, which contradicts
our assumption. Applying Proposition 2 we get (G)= |E(0)|6 |X | − |Y |=2= n− 1−
(n− p+ 1)=2= (n+ p− 3)=2. If 16p− 26 (n− 1)=3, then (G)6 12 (n+ (n− 1)=
3 − 1)= 23 (n − 1), a contradiction with the hypotheses. Suppose now that p satis9es
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the condition (n− 1)=2¡p− 26 n− r− 1. Then Y ∩f(Y )= ∅ and by Proposition 2,
(G)6 n− 1− (n− p+ 1)=p− 26 n− r − 1, again a contradiction.
It remains the case when (n− 1)=3¡p− 26 (n− 1)=2. De9ne now
X1 = {(0; i) | i=1; 2; : : : ; 2(p− 2)};
Y1 = {(0; i) | i=1; 2; : : : ; p− 2};
A1 =E(0) ∩ X1;
f1 : Y1 → X1; f1 : (0; i)→ (0; i + p− 2):
It is immediate that f1 is an injection from Y1 into X1. Moreover, using the same
method like above we get A1 ∩f1(A1 ∩Y1)= ∅ and Y1 ∩f1(Y1)= ∅. By Proposition 2,
(G) = |E(0) ∩ X1|+ |E(0) ∩ (X \X1)|6 (|X1| − |Y1|) + (|X | − |X1|)
= n− 1− (p− 2)= n− p+ 1¡ 23 (n− 1);
which contradicts our assumption. The proof of the theorem is complete.
This theorem is best possible. Indeed, take a cycle C =(0; 1; : : : ; n − 1; 0) and add
all the edges of the form (0; k) where k =2; 3; : : : ; r − 1; r + 1; r + 2; : : : ; n − r − 1
and 3¡ 3r ¡n−1. Clearly, for the graph G′ constructed in this way we have (G′)=
d(0)= n− r − 1¿ 23 (n− 1) but G′ has no cycle of length (G′) + 2.
On the other hand, the bound 23 (n− 1) cannot be lowered. In fact, consider a graph
H on n=3l + 1¿ 4 vertices obtained by taking the cycle C and adding (if l¿ 1)
the edges (0; k), for k =2; 3; : : : ; l; 2l + 1; 2l + 2; : : : ; n − 2. For this graph we have
(H)= 2l= 23(n−1), however H does not contain any cycle of length l+26(H)+1.
The next corollary follows easily from Theorem 5.
Corollary 1. Let G be a hamiltonian graph and let x and y be two di@erent vertices of
G. Suppose r is an integer that satis?es 06 r ¡ (n−1)=6. If d(x)+d(y)¿ 2n−4r−3;
then G is [3; n− 2r]-pancyclic.
4. Remarks
Consider again the graph G′ described after the proof of Theorem 5. This is an
example of a graph that shows that for any  ∈ ( 12 ; 1) and any integer n¿ 4=(1 −  ),
there is a hamiltonian graph G′ on n vertices with (G′)¿ n that is not pancyclic.
Moreover, we will show that for any  ∈ (1; 2) and any integer n¿ 9=(2 −  ) we can
9nd a hamiltonian graph G of order n such that G has two adjacent vertices x and y
with d(x) + d(y)¿ n and is not pancyclic.
Indeed, consider the following example. Let l= n−r−1 be an integer such that r¿ 2
and n− r − 1¿ 2r. Take a cycle C =(0; 1; : : : ; n− 1; 0) and add to C the edges (0; k)
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for k =2; 3; : : : ; r−1; r+1; r+2; : : : ; n−r−1, and (l; j) for j= r+1; r+2; : : : ; n−2r−2.
Obviously, the graph G constructed in this way is hamiltonian and satis9es the condition
d(0) + d(l)= 2n− 4r.
We will prove that G contains no cycle Cn−r+1. To do this suppose, contrary to our
claim, that G has a cycle C′ of length n− r+1. Thus, at least one element of the set
A= {l+1; l+2; : : : ; n−1} belongs to V (C′). Since d(j)= 2 for all j∈A and A induces
a path in G, the cycle C′ contains all the vertices of A∪{l; 0}. If (l−1; l) is an edge of
C′, the cycle C′ is contained in the graph isomorphic to G′ (see Corollary 1), which is
impossible. So, there is an integer k ∈{r+1; r+2; : : : ; n−2r−2} such that (l; k)∈E(C′).
Clearly, C′ must contain also a vertex of the set B= {n− 2r− 1; n− 2r; : : : ; n− r− 2}.
Because B induces a path in G; d(j)= 3 and j is adjacent to 0 for every j∈B, we
conclude that C′ contains a path of the form (k; k +1; : : : ; t; 0), where t ∈B. Therefore,
the vertices 1; 2; : : : ; r are not contained in C′, which is a contradiction.
Let H be a graph obtained by deleting the edge (0; l) from the graph G. Observe that
we can 9nd two non-adjacent vertices x and y in H that satisfy d(x)+d(y)¿ 2n−4r−2
and H has no cycle of length n − r + 1. Note that for small values of r, Corollary
1 ensures only the existence of cycles of lengths between 3 and n − 2r. Thus we
formulate the following problem.
Problem. Let G be a hamiltonian graph on n vertices and let x and y be two diNerent
vertices of G that satisfy d(x) + d(y)¿ n + z (06 z6 n − 2). Find the maximum
number t= t(z; n) (t6 n) such that G is [3; t]-pancyclic.
Thus, for z= n− 4r− 2 and 26 r ¡ (n− 1)=6, we have n− 2r6 t ¡n− r+1 and
we will show in the next section that t¿ n − 43 r + 13 − 1 (06 r ¡ (n + 2)=8). For
the case z=3, Zhang [9] and Han [5] get t= n, provided x and y are two vertices at
distance 2 on a hamiltonian cycle.
From Theorem 4 and Proposition 1 one can deduce the following result in case
n¿ 32.
If one of the following three conditions is satis9ed:
1. x; y are not adjacent, n is odd, z=0 or
2. x; y are not adjacent, z¿ 1 or
3. z¿ 3,
then t¿ (n+ 13)=5.
We can formulate similar problems in the case when x and y are adjacent or
non-adjacent in G.
5. Hamiltonian graphs with two vertices of large degree
Theorem 6. Let G be a hamiltonian graph of order n. Suppose x and y are two dis-
tinct vertices of G that satisfy d(x) + d(y)¿ 2n − 4r − 2; where r is an
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integer with 06 r ¡ (n + 2)=8. Then G contains a cycle Cp for every p such that
36p¡n− 43 r + 13 .
Proof. By Corollary 1, G is [3; n − 2r]-pancyclic if r ¡ (n − 1)=6. If r¿ (n − 1)=6
then (n− 1)=66 r ¡ (n+2)=8 yields r=1; n=7, and because of d(x)+d(y)¿ 2n−
4r− 2=8 it can be easily veri9ed that G is [3; n− 2r=5]-pancyclic also in this case.
Suppose, contrary to our claim, that G for some p with n−2r ¡p¡n− 43 r+13 , does not
contain any cycle Cp. Then r¿ 2; p¡n− 2; n¿ 8r − 2¿ 14. Let C =(0; 1; : : : ; n−
1; 0) be a hamiltonian cycle in G. We may assume without loss of generality that
x=0; y= l and n=26 l6 n− 1.
Case 1: p6 l + 1 (Then n − 2r − 1¡l). For k = l − p + 2; l − p + 3; : : : ; l − 1
de9ne f(0; k)= (l; j), where j=p− l+ k − 2.
This is a bijection from X = {(0; k) | k = l − p + 2; l − p + 3; : : : ; l − 1} onto the
set Y = {(l; j) | j=0; 1; : : : ; p − 3}. Now let A=X ∩ E(0) and B=Y ∩ E(l). Clearly,
f(A)∩B= ∅, because otherwise there would be an edge (l; j)∈Y with j=p−l+k−2
and (0; k)∈E(G) ∩ X . Thus the length of the following cycle C′=(0; 1; : : : ; j; l; l −
1; : : : ; k; 0) would be equal to p, which is impossible. Therefore, from Proposition 3,
d(0) + d(l)6 |A|+ |B|+ 2(n− 1− |X |)6 |X |+ 2(n− 1− |X |)= 2n− 2− |X |=2n−
p¡ 2n− (n− 2r)¡ 2n− 4r − 2 if 26 r ¡ (n+ 2)=8, a contradiction.
Case 2: l + 1¡p. Then l + 3¡n + l − p + 1 and n − p + 1¡l because of
n=2 + 16 l+ 1¡p¡n− 2.
(A) For k =1; 2; : : : ; n− p+ 1 de9ne f1(0; k)= (l; j), where j= n+ l− p− k + 2.
The function f1 is a bijection from X1 = {(0; k) | k =1; : : : ; n − p + 1} onto the set
Y1 = {(l; j) | j= l+1; : : : ; n+ l−p+1}. De9ne now A1 =X1∩E(0) and B1 =Y1∩E(l).
We have f(A1)∩B1 = ∅, because otherwise there would be two edges (l; j)∈Y1 and
(0; k)∈E(G)∩X1 with j= n+ l−p− k+2. Note that 16 k ¡ l¡j6 n−1. Thus G
would contain the cycle (j; j+1; : : : ; n−1; 0; k; k+1; : : : ; l; j) of length p, a contradiction.
(B) Set f2(0; k)= (l; n−l+k−p+2) for k ∈{p+l−n; : : : ; l−1}. f2 is a bijection
from X2 = {(0; k) | k =p+ l− n; : : : ; l− 1} onto Y2 = {(l; j) | j=2; : : : ; n− p+ 1}. Let
A2 =X2 ∩ E(0) and B2 =Y2 ∩ E(l). We have f2(A2)∩ B2 = ∅, because otherwise there
would be two edges (l; j)∈Y2 and (0; k)∈E(G) ∩ X2 with j= n− l+ k − p+ 2 and
G would contain the cycle (j; j+1; : : : ; k; 0; n− 1; : : : ; l; j) of length p, a contradiction.
Observe that 1¡p + l − n¡l − 1. Moreover, we have 2p + l¿ 2(n − 2r + 1) +
n=2¿ 2n − (n + 2)=2 + 2 + n=2=2n + 1. Hence n − p + 1¡p + l − n, and since
p + l − n¡n − 2 + l − n= l − 2; n − p + 1¡l − 2. Therefore, X1 ∩ X2 = ∅ and
Y1 ∩ Y2 = ∅.
(C) Set f3(0; k)= (l; p − k + l − 2) for k ∈{p − 1; : : : ; n − 2}. f3 is a bijection
from X3 = {(0; k) | k =p− 1; : : : ; n− 2} onto Y3 = {(l; j) | j=p+ l− n; : : : ; l− 1}. Let
A3 =X3 ∩ E(0) and B3 =Y3 ∩ E(l). We have f3(A3)∩ B3 = ∅, because otherwise there
would be two edges (l; j)∈Y3 and (0; k)∈E(G) ∩ X3 with j=p − k + l − 2 and G
would contain the cycle (0; 1; 2; : : : ; j; l; l+1; : : : ; k; 0) of length p, a contradiction. Since
n−p+1¡p+ l− n, we have Y3 ∩ Y2 = ∅. The relations Y3 ∩ Y1 = ∅, X3 ∩X2 = ∅ and
X3 ∩ X1 = ∅ are evident.
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Let X =X1 ∪ X2 ∪ X3; Y =Y1 ∪ Y2 ∪ Y3; A=A1 ∪ A2 ∪ A3 and B=B1 ∪ B2 ∪ B3.
The sets Xi as well as Yi are pairwise disjoint and the cardinality of
⋃
Xi equals
(n− p+ 1) + (n− p) + (n− p)= 3n− 3p+ 1.
De9ne f in the following way:
f(0; k)=fi(0; k) iN (0; k)∈Xi (i=1; 2; 3):
Obviously, f : X → Y is a bijection and, by Proposition 3, d(0)+d(l)6 (|A|+ |B|)+
2((n − 1) − |X |)6 2(n − 1) − |X |=3p − n − 3¡ 3n − 4r + 1 − n − 3=2n − 4r − 2
(because p¡n− 43 r + 13), a contradiction. This the proof of the theorem.
The following theorem is a generalization of Proposition 1.
Theorem 7. Let C =(0; 1; : : : ; n−1; 0) be a hamiltonian cycle in a graph G and (0; l)
an edge of G (n=26 l6 n− 1). If d(0)+d(l)¿min(2l; 2n− l− 1); then G contains
a cycle Cp for every integer p with 36p6 l+ 1.
Proof. If l= n − 1 we apply Proposition 1 and we are done. So we may assume
l6 n − 2. Thus G contains two cycles: C′=(0; 1; 2; : : : ; l; 0) and C′′=(0; l; l + 1; l +
2; : : : ; n−1; 0) having l+1 and n−l+1 vertices respectively. Note that n−l+16 l+1.
Suppose now that G contains no cycle Cp for some p; 36p6 l+ 1.
Case 1: n− l+ 1¡p6 l+ 1. Set
X1 = {(0; k)|k =1; 2; : : : ; l− p+ 2};
f1(0; k)= (l; k + p− 3) for (0; k)∈X1;
Y1 =f1(X1);
A1 =X1 ∩ E(0);
B1 =Y1 ∩ E(l):
Clearly, Y1 = {(l; j) | j=p− 2; p− 1; : : : ; l− 1} and f(A1)∩B1 = ∅, since otherwise G
would have a cycle of length p.
Now de9ne
X2 = {(0; k) | k = l− p+ 3; l− p+ 4; : : : ; n− p+ 1};
f2(0; k)= (l; n+ 2 + l− k − p) for (0; k)∈X2;
Y2 =f2(X2)= {(l; j) | j= l+ 1; l+ 2; : : : ; n− 1};
A2 =X2 ∩ E(0);
B2 =Y2 ∩ E(l):
Note that n−p+1¡l. We will show that f2(A2)∩B2 = ∅. In fact, suppose that there is
an integer j with (l; j)∈f2(A2)∩B2. Therefore, we can 9nd an edge (0; k)∈X2∩E(0)
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such that j= n+ 2+ l− k − p. So (0; k; k + 1; : : : ; l; j; j + 1; : : : ; n− 1; 0) is a cycle of
length p and we get a contradiction. (Note that j= n+ 2 + l− k − p¿ l+ 1:)
Set
X3 = {(0; k) | k = l+ 1; l+ 2; : : : ; n− 1};
f3(0; k)= (l; p− k + l− 2) for (0; k)∈X3;
Y3 =f3(X3)= {(l; j) | j= l+ p− n− 1; l+ p− n; : : : ; p− 3};
A3 =X3 ∩ E(0);
B3 =Y3 ∩ E(l):
Using the same argument as above we conclude that f3(A3) ∩ B3 = ∅.
Observe that the sets Xi as well as Yi are pairwise disjoint and the cardinality of⋃
Xi equals (l− p+ 2) + (n− l− 1) + (n− l− 1)=2n− l− p.
Let X =X1∪X2∪X3; Y =Y1∪Y2∪Y3; A=A1∪A2∪A3; B=B1∪B2∪B3 and de9ne
f in the following way:
f(0; k)=fi(0; k) iN (0; k)∈Xi (i=1; 2; 3):
Obviously, f : X → Y is a bijection and, by Proposition 3, d(0)+d(l)6 (|A|+ |B|)+
((n− 1)− |X |) + ((n− 1)− |Y |)6 |X |+ 2(n− 1)− 2|X |= l+ p− 26 2l− 1 (since
p6 l + 1). On the other hand application of Proposition 1 (to the subgraph of G
induced by V (C′)) gives
dC′(0) + dC′(l)6 l+ 1:
Using the trivial inequality
dC′′(0) + dC′′(l)6 2(n− l+ 1)− 2
we get
d(0) + d(l) + 26 2n− l+ 1:
Consequently, d(0) + d(l)6min(2l; 2n− l− 1) and we obtain a contradiction.
Case 2: 36p6 n− l+ 1 (note that n− l+ 16 l+ 1). By Proposition 1
dC′(0) + dC′(l)6 l+ 1
and
dC′′(0) + dC′′(l)6 n− l+ 1:
Therefore, d(0)+d(l)6 n6min(2l; 2n− l−1) and we get again a contradiction. This
completes the proof of the theorem.
A result due to Zhang [9] concerning the case l= n − 2 shows that Theorem 7 is
not best possible. Moreover, till now we cannot prove the sharpness of Theorem 6.
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Corollary 2. Let G be a hamiltonian graph on n vertices and let C =(0; 1; : : : ; n−1; 0)
denote a hamiltonian cycle in G. If (0; l) is an edge of G; n=26 l6 n − 1 and
d(0) + d(l)¿ (4n− 2)=3; then G is [3; l+ 1]-pancyclic.
Proof. It is evident that for l∈ [(2n− 1)=3; n− 1]; min(2l; 2n− l− 1)=2n− l− 16
2n − 23n + 13 − 1= (4n − 2)=3. On the other hand, if l satis9es n=26 l¡ (2n − 1)=3,
then min(2l; 2n− l− 1)=2l¡ (4n− 2)=3.
The following result is an immediate consequence of Corollary 2 that can be obtained
by changing the orientation of a hamiltonian cycle, if necessary.
Corollary 3. Let G be a hamiltonian graph and let x and y be two adjacent vertices
of G verifying d(x) + d(y)¿ (4n − 2)=3. Then G possesses a cycle Cp for every
integer p with 36p6 n=2 + 1.
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